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Abstract 

We present Monte Carlo simulations of the equilibrium configurations of short closed circular DNA that obeys a 
combined elastic, hard-sphere, and electrostatic energy potential. We employ a B-spline representation to model 
chain configuration and simulate the effects of salt on chain folding by varying the Debye screening parameter. We 
obtain global equilibrium configurations of closed circular DNA, with several imposed linking number differences, at 
two salt concentrations (specifically at the extremes of no added salt and the high salt regime), and for different 
chain lengths. Minimization of the composite elastic/long-range potential energy under the constraints of ring 
closure and fixed chain length is found to produce structures that are consistent with the configurations of short 
supercoiled DNA observed experimentally. The structures generated under the constraints of an electrostatic 
potential are less compact than those subjected only to an elastic term and a hard-sphere constraint. For a fixed 
linking number difference greater than a critical value, the interwound structures obtained under the condition of 
high salt are more compact than those obtained under the condition of no added salt. In the case of no added salt, 
the electrostatic energy plays a dominant role over the elastic energy in dictating the shape of the closed circular 
DNA. The DNA supercoil opens up with increasing chain length at low salt concentration. A branched three-leaf 
rose structure with a fixed linking number difference is higher in energy than the interwound form at both salt 
concentrations employed here. 
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1. Introduction 

The perfect linear structure of the Watson- 
Crick B-DNA helix is distorted in compactly 
folded, naturally occurring DNA. The common 
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axis of the double helix winds in space to form a 
new helix of a higher order, termed a supercoil or 
superhelix. While many viral DNAs adopt 
branched and interwound covalently closed su- 
percoiled forms [l], the DNA in chromatin (a 
complex of the double helix with protein) of 
higher organisms wraps around a core of protein 
to form a left-handed solenoidal superhelix. Su- 
percoiling can thus be manifested by any spatially 
constrained sequence (including short linear 
chains), and also can be expressed in both a 
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negative and a positive sense [1,2]. In living or- 
ganisms there is roughly one superhelical turn for 
every twenty turns of the local helix (e.g., = 200 
base pairs (bp)) [1,3]. Not surprisingly, DNA su- 
percoiling is an important facet of biological pro- 
cesses that entail local helical winding and un- 
winding, such as replication, transcription, and 
recombination. The closed circularity and the de- 
formations associated with supercoiling affect 
many physical and chemical properties of the 
double helix, including its hydrodynamic behav- 
ior, energetics, and enzymology. 

The spatial constraints of DNA supercoiling 
can be characterized mathematically by White’s 
formula [4], 

Lk=Tw+Wr. (1) 

Here Lk is the linking number of DNA or the 
number of times the two strands of the duplex 
are intertwined (total number of revolutions of 
one strand about the other), Tw is the twist of 
one strand around the double-helical axis (ex- 
pressed as helical turns), and Wr is the writhing 
number, a measure of certain aspects of the ter- 
tiary folding of the helix axis in space. From Eq. 
(11, it follows that ALk = ATw + Wr, where ATw 
= Tw - Tw,, and Tw, is the twist in the torsion- 
ally relaxed (Tw = Two) state. 

Until now, theoretical studies of supercoiled 
DNA have been based on an elastic model, where 
the DNA is described as an uncharged, isotropic, 
symmetric, and linearly elastic thin rod character- 
ized by its bending and twisting stiffness. The 
forces opposing the deformation of the rod give 
rise to two independent energy contributions, one 
which corresponds to the local bending of the 
double helical axis and one which corresponds to 
the twisting of the duplex with respect to its 
equilibrium rest state. The two contributions are 
expressed, respectively, in terms of the integral of 
the square of the curvature and the square of the 
total twist (see the following section). It is impor- 
tant to relax the simplifying assumption of DNA 
as an uncharged rod given the charged phosphate 
groups along its chemical backbone. It is ex- 
pected for a charged macromolecule, such as 
DNA, that the shape of its supercoiled structures 

should be strongly dependent on ionic environ- 
ment; that is, electrostatic effects should play a 
significant role in dictating the long-range folding 
of the polymer. In this paper, we treat super- 
coiled DNA more realistically than ever before by 
taking into account the polyelectrolyte character 
of the chain backbone. To our knowledge, this is 
the first computer simulation of supercoiled DNA 
to treat electrostatic effects explicitly. In the past, 
ionic effects in supercoiled DNA have been 
treated only approximately in terms of variable 
hard-sphere contact limits (see, for example, Ref. 
PI>. 

We consider the polyelectrolyte and elastic 
behavior of DNA as well as excluded volume 
effects (i.e. the interactions that arise because the 
chain segments occupy a finite volume and thus 
cannot self-intersect) in computer simulations of 
the minimum energy superhelical configurations. 
As in previous studies [S-7], we employ a B-spline 
representation to model the spatial trajectory of 
closed circular DNA and carry out Monte &lo/ 
simulated annealing calculations. In order to ex- 
amine the role of the polyelectrolyte backbone on 
the folding of the chain, we adopt a more physi- 
cal potential which, besides elastic and hard- 
sphere contributions, includes a modified Debye- 
Hiickel energy contribution. By varying the De- 
bye screening parameter we can simulate the 
effects of salt on chain folding. As a first step, we 
study short chains of 100-175 bp, which can be 
treated rigorously within the context of the modi- 
fied Debye-Hiickel potential. We obtain mini- 
mum energy configurations of closed circular 
DNA with several imposed linking number differ- 
ences, ALk, at two salt concentrations (specifi- 
cally at the extremes of no added salt and the 
high salt region), and at different chain lengths. 
This study allows us to examine how the variation 
of salt concentration affects the superhelical con- 
figurations of DNA. We compare our results with 
corresponding computer simulations of closed 
circular DNA [6,7] based on the simple elastic 
model (with excluded volume effects) and further 
discuss our findings in the context of the ob- 
served changes in overall shape of comparable 
short DNAs in cryo-electron microscopic images 
at low and high salt concentration [8,9]. 
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2. Model and method 

The isotropic elastic rod model has been used 
for many years to model closed circular DNA 
[lo-161. Only recently have the excluded volume 
effects, which are important to long interwound 
DNAs, been taken into account [5-7,17-191. As 
noted above, superhelical DNA is treated even 
more physically in this paper by directly taking 
into consideration the polyelectrolyte character 
of DNA. 

2.1. B-spiine representation 

The axis of the closed double-helical trajectory 
is represented by piecewise cyclic B-spline curves 
[20]. The B-splines’ are defined by a series of 
polynomial expressions which smoothly connect a 
given sequence of controlling points (14 for the 
circle and interwound forms and 15 for the 
branched three-leaf rose configuration modeled 
here). These curves are regionally defined func- 
tions that are evaluated separately over different 
intervals of the chain trajectory with as many 
continuous derivatives as needed for the mathe- 
matical analyses to be performed. Since only con- 
tinuous first and second derivatives are required 
for the calculation of the differential geometric 
(e.g., writhing number and curvature integral) 
and the energetic parameters of the elastic DNA 
model, we employ order 4 (cubic) B-splines. Fur- 
thermore, the cyclic form of the curves automati- 
cally satisfies the ring closure constraints of closed 
circular or looped DNA and provides descrip- 
tions of arbitrary trajectories of the doubIe-heli- 
cal axis for which there are not necessarily ex- 
plicit geometric expressions. The configuration of 
the chain is modified by simply varying the coor- 
dinates of the controlling points. For a more 
detailed discussion of the B-spline methodology, 
the reader is referred elsewhere [5-7,181. Chains 
of different contour lengths (100-175 bp) are 
obtained by resealing the controlling points of the 
initial chain configuration. The phosphate groups, 
which are represented by individua1 phosphorus 
atoms, are evenly spaced at = 1.7 A increments 
of arc length along the double-helical axis (repre- 
sented by the B-spline curve). This spacing is 

consistent with the projection of phosphate groups 
of complementary-strands on the helical axis of 
the canonical B-DNA duplex [21]. 

2.2. Potential energy 

We assume that the total energy E of the 
closed circular DNA has four terms. The first two 
terms, a bending E, and a twisting E, contribu- 
tion, take into account the elastic character of a 
homogeneous isotropic thin rod. The third contri- 
bution E,, monitors excluded volume effects by 
means of a hard-sphere potential. The last contri- 
bution E,, treats the polyelectrolyte character of 
DNA. The charges on the phosphate groups, 
which are reduced in magnitude to account for 
the counterion condensation phenomenon [22], 
interact via a modified Debye-Hiickel potential. 
Therefore, the total energy is expressed as 

E=E,+E,+E,,+E,,. (2) 

The bending energy E, of the superhelical 
DNA is given by 

A L 
E, = 2/ K(S)* ds, 

0 

where K is the curvature of the axis of the rod, s 
the arc length, L the total contour length of the 
DNA (prior to scaling), and A the bending stiff; 
ness constant. The magnitude of A is determined 
from the per residue step height h of DNA (3.4 
AI, the per residue mean-square bending angle 
(A2) (in units of radians), the Boltzmann con- 
stant k, and the absolute temperature T using 
the expression A = 2hkT/(A2> [231. The persis- 
tence length P, is also related to A through the 
relation Pt =A/kT [24]. Takiig the root-mean- 
square bending angle to be 8.5” at 298 K yields 
A = 1.2755 x 10-l’ erg A and Pl = 310 A. The 
latter value corresponds roughly to the non-elec- 
trostatic contribution to the persistence length of 
DNA in aqueous NaCl solution [25]. 

The twisting energy E, of the superhelical 
DNA is expressed as 

ET= ;iL(o-o,)*ds, (4) 
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where w is the rate of local twist per unit arc 
length (i.e. twist density), o0 the intrinsic rate of 
twist, and C the twisting stiffness constant. The 
expression C = hkT/(+*) [26,27] is used to com- 
pute the force constant. The parameter (4’) in 
this equation is the mean-square twisting angle in 
units of radians. Assuming a bending/twisting 
stiffness ratio A/C = 1 and setting h, k, and T 
to the values listed above gives C = 1.2755 X 

lW1’ erg A (since A = 1.2755 x lo-” erg A) 
and a ro@t-mean-square twisting angle (#} = 6”. 
The case A/C = 2 is also considered, the chosen 
ratio corresponding to A = 2.5510 X lo-l1 erg A 
and (A2) = 6.0”. 

According to Fuller [13] and Tanaka and 
Takahashi [28], if the rod is isotropic, symmetric, 
and linearly elastic and the twist density is conse- 
quently uniform, the expression for E, given in 
Eq. (4) can be rewritten as 

E,= F(ALk - Wr)‘. (5) 

This simplification follows from the integral in 
Eq. (41, which under these conditions can be 
rewritten as (w - w,j2L, together with the iden- 
tity (w -w&L = ~TATW and White’s formula, 
ATw = ALk - Wr. Here ALk is the imposed link- 
ing number difference of superhelical DNA rela- 
tive to the relaxed (unwrithed) closed circular 
form and Wr is the writhing number. Local sec- 
ondary structural effects, such as salt induced 
changes in intrinsic helical twist or major confor- 
mational transitions (e.g., B- to A-DNA or right- 
to left-handed transitions), are thus ignored in 
the calculations. We calculate the writhing num- 
ber using either the Gauss double integral [29] or 
Fuller’s single integral [303. For a detailed pre- 
sentation of these equations, the reader is re- 
ferred elsewhere [6,7]. Eqs. (3)-(5) follow from 
the assumptions that the rod is intrinsically 
straight, has a circular cross-section, and there- 
fore exhibits no preferentia1 directions of bending 
and twisting. 

A hard-sphere potential E,, is used to ac- 
count for long-range excluded volume effects. 
This energy contribution prevents the self-inter- 
section of chain segments that are far apart along 

the DNA contour. The contacts of chain contour 
points are thus restricted to distances greater 
than a cutoff radius D with E,, given by 

i 

al 

Em = 
rjk<D, 

0 rjk>D. (6) 

The parameter rjk is the distance between any 
two points along the double-helix axis. In prac- 
tice, only values 1 and k separated by an arc 
length greater than = 68 8, (roughly two helical 
turns of the DNA duplex) are considered, and 
the parameter D is set equal to the diameter of 
DNA ( = 20 A>. 

The modified Debye-Hiickel energy E, be- 
tween any phosphate pair along the double-heli- 
cal axis is given by: 

P ^-I(r‘: 

(7) 
j<k “jk 

Here P is the total number of phosphate groups, 
rjk the distance between the jth and kth phos- 
phate groups, E the dielectric constant of water at 
25” (i.e. 78.31, and q’ the effective phosphate 
charge (i.e. the phosphate charge reduced by 
1 - A@, to account for the counterion condensa- 
tion phenomenon, with 0, the number of con- 
densed N-valent counterions per DNA charge). 
According to counterion condensation theory for 
B-DNA in an environment of aqueous NaCl solu- 
tion 1221, there is 76% neutralization of the phos- 
phate charges by bound Na+ ions. It follows that 
1 - AV, = 0.24 and the effective charge 4’ is 
given by q X 0.24, where 4 is the unit electrical 
charge. The parameter K in Eq. (7) (not to be 
confused with the curvature introduced above) is 
the Debye screening parameter given by, 

K = 0.329&, (8) 

with c, the concentration of monovalent salt in 
units of molarity. Two extreme cases are consid- 
ered: no added salt (c, = 0 M) and the high salt 
regime (cS = 1 M). The usual mixing and entropic 
contributions to the ionic free energy within the 
framework of numerical counterion condensation 
theory are neglected in the current studies. 

In some supercoiled configurations two DNA 
segments can approach closely enough to pene- 
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trate each other’s Debye clouds. Therefore, the 
effective charges (q’ in Eq. (7)), which we take as 
invariant according to the counterion condensa- 
tion theory of a single isolated polyion, become 
more approximate when two segments are close. 
This approximation, however, is unlikely to lead 
to qualitatively incorrect results. Furthermore, 
even with this difficulty, the Debye-Hiickel po- 
tential with invariant effective charges is better 
than a Debye-Hiickel potential with bare charges 
(valence = - 1); the condensed counterions lower 
the charge on the phosphates by at least some 
amount, even if this amount changes as segments 
approach one another. 

The total energy is expressed in reduced form 
as 8, a dimensionless quantity obtained by divid- 
ing the total energy in Eq. (2) by the constant 
27F2C/L. 

The superhelical configurations described be- 
low are also subject to a contour length constraint 
not included in the total energy. The chain length 
is preserved by using the following harmonic ex- 
pression: 

EL =&(L -L,)2. (9) 

Here KL is a stretching force constant, taken as 
0.3 erg Am2, L, the initial contour length, and L 
the actual contour length. This pseudo-potential 
allows the chain to fluctuate to a small degree 
during the course of the simulation. If the con- 
tour length is kept strictly constant, few moves 
can be made, even at high temperatures. 

2.3. Monte Carlo simulation 

In order to identify the global minimum of the 
total energy (in reduced energy units) under the 
constraints of ring closure and chain length, we 
use an algorithm that combines Metropolis Monte 
Carlo sampling [31] with a simulated annealing 
procedure [32]. The starting configuration is ei- 
ther a circle (in most cases) or a branched three- 
leaf rose structure. The B-spline controlling points 
are moved at random with new configurations of 
lower energy automatically accepted and those of 
higher energy accepted on the basis of the Boltz- 
mann factor of the increase in energy. The system 

is allowed to approach an equilibrium distribu- 
tion at a given starting temperature r,. The start- 
ing temperature T,, is obtained from the expres- 
sion kT, = (T&,, where k is the Boltzmann con- 
stant, E, the starting initial energy, and u set 
equal to 0.01. This value of u guarantees that 
30%-50% of the moves among all trials are ac- 
cepted. The temperature is then reduced by an 
accelerated cooling procedure where the temper- 
ature is lowered by a factor 0.9S’ at the pth 
temperature lowering step, and the system is al- 
lowed to reach equilibrium once again. At each 
temperature, the configuration is relaxed by 20000 
Monte Carlo moves. The step size is set equal to 
0.8% of the initial contour length of the DNA. 
The cooling process is allowed to take place 17 
times, but is terminated early if the configuration 
no longer changes (i.e. when the temperature is 
below the freezing point). 

3. Results and discussion 

We have employed the method outlined in the 
previous section to examine the optimized super- 
helical configurations of DNA subject to the com- 
posite elastic/ electrostatic potential energy. We 
obtain minimum energy superhelical configura- 
tions of DNA, with several imposed linking num- 
ber differences, at different salt concentrations 
and chain lengths, We have also compared the 
features of the elastic/electrostatic model with 
those of previously reported elastic models of 
superhelical DNA. 

3.1. Dependence of super-coiled configuration on 
linking number difference and salt concentration 

We begin by examining the dependence of the 
superhelical configurations of a 100 bp DNA on 
the linking number difference under the con- 
straints of ring closure and controlled chain 
length. To study the ionic strength dependence of 
the onset of supercoiling, we have started with a 
perfect circle and varied ALk from 0 to 4 under 
two extreme salt conditions. We fix II/C equal 
to unity and consider the cases of no added 
monovalent salt (i.e. NaCl) (c, = 0 M) and the 
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high salt regime (cS = 1 M). We anticipate that dure employed to compute the principal mo- 
the repulsion between phosphate groups will de- ments of the radius of gyration, the reader is 
lay the onset of supercoiled states, in which the referred elsewhere [18]. 
average distance between phosphate groups is The final optimized configurations obtained 
reduced compared to the open circle. We further for integral values of the imposed linking number 
expect that this repulsion will be greater in the difference under the condition of no added salt 
absence of salt since the phosphate groups are are illustrated in Fig. la. These and selected 
unscreened by small ions, intermediate states are described in further detail 

In order to gain a better idea about the overall in Tables 1 and 2. As evident from the reported 
shape of the optimized DNA structures we com- data, the minimum energy configurations of the 
pute the radius of gyration (R,), the principal DNA are circles for values of ALk up to at least 
moments of the radius of gyration (II, I,, I,, 2.5. The radii of gyration, principal moments of 
where Ri = 1: + 1: + I,“), and the average inter- gyration, average interphosphate distances, and 
phosphate distance ((P . . . Pdist >I of the resulting writhing number are roughly the same for the 
DNA structures. For a discussion of the proce- optimized structures over this range. Moreover, 

ALk = 0.00 

ALk = 3.00 

ALk q 0.00 

ALk = 3.00 

ALk= 1.00 ALk = 2.00 

ALLk = 4.00 

ALk= 1.00 ALk = 2.00 

ALk = 4.00 

Fig. 1. Optimized supercoiled configurations of lo&residue DNA supercoils (200 phosphates) at various imposed linking number 
differences for (a) cS - 0 M (no added salt) and (b) c, - 1 M salt concentrations. Electrostatic interactions are represented by a 
modified Debye-Hiickel potential and excluded volume effects by a hard-sphere potential. The starting configuration is a circle of 
14 evenly spaced controlling points. 
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Table 1 
Radius of gyration (R,), principal moments of the radius of 
gyration CZt , I,, Is) and the average P . . . P distance (P . . . Pdist > 
as a function of ALk and salt concentration B 

ALk R, (~) Z, (~) I, (~) 13 (~) (P.. .Pdiat) (~) 

c,=OM 
0.00 53.71 38.39 37.53 1.59 69.14 
1.00 53.74 38.21 37.78 1.11 69.18 
2.00 53.69 39836 36.48 1.31 69.09 
2.50 53.76 38.45 37.51 0.71 69.20 
2.75 44.76 41.95 14.47 5.84 55.44 
3.00 44.89 42.51 13.33 5.45 55.30 
4.00 44.29 42.73 9.34 7.00 53.89 

c,=l M 
0.00 53.76 38.50 37.50 0.98 69.20 
1.00 53.77 38.41 37.63 0.62 69.21 
1.50 53.71 38.63 37.29 1.56 69.14 
1.75 44.48 41.29 15.16 6.62 55.34 
2.00 44.64 41.91 14.38 5.44 55.24 
3.00 43.89 41.98 10.72 6.99 53.75 
4.00 43.44 41.86 9.08 7.19 52.86 

a The elastic and electrostatic model was used with A / C = 1 
and 100 bp chain length. 

the shapes are very close to thoseOof a perfect 
circle, for which R, = (100 bp X 3.40A/bp>/2r = 
54.11 A, I,=11=R,/fi=38.26 A, and 13=0. 
The supercoiled forms found to be of low energy 
at ALk = 2.75 and beyond, however, are quite 

(a) 41 
.-cm. 1.30 - C,lOM 
- c,.l M 

1.00 - 

; 

0.50 - 

0 1 2 3 4 

Table 2 
Writhing number and reduced energy components as a func- 
tion of ALk and salt concentration a 

AL.k Wr d 8, & EEL 

c,=OM 
0.00 0.00 15.64 1.01 0.00 14.63 
1.00 0.00 16.63 1.00 1.00 14.63 
2.00 0.01 19.63 1.02 3.97 14.64 
2.50 0.06 21.61 1.03 5.95 14.63 
2075 0.86 22.96 2.88 3.58 16.50 
3.00 0.96 23.98 3.20 4.15 16.63 
4.00 1.39 28.74 4.69 6.83 17.22 

c,=lM 
0.00 0.00 3.28 0.99 0.00 2.29 
1.00 o&I 4.23 1.02 0.92 2.29 
1.50 0.00 5.56 1.03 2.24 2.29 
1.75 0.80 5.96 2.77 0.90 2.29 
2.00 0.93 6.51 3.07 1.15 2.29 
3.00 1.22 9.55 4.07 3.19 2.29 
4.00 1.60 13.17 5.13 5.75 2.29 

a The elastic and electrostaticmodel was used with A/C = 1 
and 100 bp chain length. The energy, B = .E/(21’C/L), is a 
non-dimensional quantity. 

different in overall shape from the circle. The 
relative compactness of these structures is imme- 
diately apparent from the decreased values of 
both the radii of gyration and the average iuter- 
phosphate distances in Table 1 as well as from 

1.0 
lb) 4 

--e _/- ; 
I 

0.6 - 
I 
I 
I 
I 
I 
I 

0.6 - 
I 

: 
I 
I 

t I 
h I 

2 
I 

L 0.4- 
I 
I 
I 

w I 
1 
I 

0.2 - 

--C-, c,.OM 

- C,llM 

_-_ 
0 1 2 3 4 

AL& ALk 
Fig. 2. Change in overall shape of RIO-residue DNA supercoils (200 phosphates) with ALk as measured by (a) the writhing number 
Wr and (b) the ratio (Ia - Z3)/Zt of principal moments of the radius of gyration, at c, = 0 M (no added salt) and c, = 1 M. The 

elastic and electrostatic model was used with A/C = 1 and 100 bp chain length. See legend to Fig. 1. 
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the molecular representations in Fig. la. The 
magnitudes and relative proportions of the prin- 
cipal moments of the radius of gyration also 
change in these configurations, reflecting their 
long, oblong shapes. In the examples in Table 1, 
we see that I1 > I2 and that I2 =I, in the col- 
lapsed supercoiled arrangements, especially those 
at higher ALk where the DNA begins to change 
from a figure-8 shape to an inter-wound form. 
Furthermore, the writhing number increases with 
ALk beyond the critical transition from circle to 
figure-& the slope dWr/dALk between the few 
reported points past the collapse being approxi- 
mately 0.4 (Fig. Za). The latter measure of coufig- 
urational change in supercoiled DNA, however, 
can be quite misleading. According to recent 
finite element analysis [33] and energy minimiza- 
tion 1341 studies, the variation of Wr with ALk 
resembles a discontinuous step function rather 
than a smooth linear function. 

The optimized configurations obtained under 
the condition of i M salt at integral values of 
ALk are shown in Fig. lb. As anticipated, the 
circular form does not persist over as wide a 
range of ALk as it does at zero salt. According to 
the numerical data in Tables 1 and 2 and the 

3Oh 1 

ial C*lOh4 

20 - 

ALk ALk 

Fig. 3. Variation with AL.k of the total reduced energy 2 and its bending I?,, twisting I?,, and electrostatic 8,, components for 
salt concentrations (a) c, = 0 M (no added salt) and (b) c, = 1 M. The curves passing through the total energy data are the 
quadratic expressions listed in the text. Note the different scales at low and high salt. See legends to Figs. 1 and 2. 

graphical representations in Fig. 2, the critical 
transition in energy from circle to figure-g, occurs 
somewhere in the range ALk = 1.5-1.75 at 1 M 
salt, versus ALk = 2.5-2.75 at zero salt. As noted 
above, the radius of gyration, average interphos- 
phate distance, principal moments of the radius 
of gyration, and writhing number all jump sud- 
denly at the transition point. Interestingly, the 
proportions of the figure-8 at the point of col- 
lapse (described in terms of R,, II, 12, l,, and 
(PI , . Pdist )> are virtually identical to those of the 
corresponding figure-8 at zero salt. In other 
words, the effective diameter of the DNA at the 
circle to figure-8 transition is independent of salt 
concentration. Beyond the transition point, the 
supercoiled structures become progressively more 
compact as measured by the ratio of principal 
moments, U2 - lS)/ll. As at zero salt, the sec- 
ondary Z2 axis becomes increasingly smaller with 
increase in ALk, while I1 and I3 remain practi- 
cally the same. The aforementioned ratio thus 
approaches zero with increase of AI.& although 
more rapidly at 1 M salt than at zero salt as 
shown in Fig. 2b. The apparent variation of the 
writhing number with ALk beyond the circle to 
figure-8 collapse at 1 M salt (dWr/dALk = 0.3- 

Id5 I 1 



MO. Fe&y ef al. / Biophysical Chemistry 50 (1994) 255-271 263 

0.5) is comparable to that found at zero salt, 
although only a few data points have been deter- 
mined in either case. Small decreases in the aver- 
age interphosphate distance with increase in ALk 
beyond the critical transition are apparent at 
both salt conditions. 

As expected, the inter-wound structures found 
at 1 M salt are more compact than those at zero 
salt and the same value of ALk. The mean inter- 
phosphate distances, the radii of gyration, and 
ratios of moments are consistently lower and the 
writhing numbers consistently higher in the opti- 
mized structures at 1 M than at zero salt for 
supercoiled DNA with a given imposed linking 
number difference. The screening of phosphate 
charges at higher salt allows the interwound 
strands of the DNA to come into closer contact. 
At ALk = 3, for example, the average non-bonded 
contact distance between phosphates separated 
by more than t:n nucleotides along the optimized 
DNA is 55.30 A at zero salt versus 53.75 A at 1 M 
salt. There are ako fewer pairs of phosphate 
groups within 30 A of one another at low salt 
than at high salt (877 versus 1458 pairs at c, = 0 
M and 1 M, respectively). 

3.2. Optimized energy components 

According to Table 2 and Fig. 3, the total 
energy increases smoothly with ALk regardless of 
salt concentration: The data at zero salt fall along 
the curve E = 3.20 + 0.84 ALk + 0.41 ALk2, and 
those at 1 M salt along the curve E = 15.44 
t 0.97 ALk t 0.60ALk2. The corresponding vari- 
ations of the bending, twisting, and electrostatic 
energy contributions, however, are more complex. 
As expected for the circular shape which persists 
at low ALk, the bending energy remains constant 
up to the critical transition point, after which it 
increases linearly with ALk (Fig. 3). Surprisingly, 
the increase in E, with ALk is somewhat greater 
in the supercoiled forms at zero salt than at 1 M 
salt. One might expect both a slower onset of 
chain bending at low versus high salt (as found 
here) and a slower uptake of chain bending fol- 
lowing collapse to the figure-8. 

The observed variation in E at higher ALk is 

apparently driven by the twisting and electrostatic 
energy terms which overwhelm the bending con- 
tribution at zero salt. The bending energy exceeds 
the twisting energy at zero salt only when ALk = 
0, and is as much as an order of magnitude 
smaller than the electrostatic energy at some 
non-zero values of ALk. In the absence of salt 
the electrostatic energy is dominant over all other 
energy contributions, and apparently dictates the 
final optimized structures (see Fig. 3a). At 1 M 
salt, in contrast, the bending energy exceeds the 
twisting energy over a broad range of imposed 
linking number differences (0 f ALk < 1 and 1.75 
6 ALk 6 3.0) (Fig. 3b). The electrostatic energy 
also plays a much smaller role in determining 
chain configuration at 1 M salt than when there is 
no added salt. At high salt concentrations the 
phosphate charges are effectively screened, and 
the electrostatic energy is essentially the same for 
circular and supercoiled DNAs. The only signifi- 
cant contributions to the electrostatic energy at 1 
M salt come from neighboring phosphate groups 
which are equivalently spaced in the circular and 
supercoiled trajectories. At zero salt, on the other 
hand, EEL is constant up to 4Lk = 2.5 (since all 
optimized structures are circles) but increases 
with ALk beyond the transition point. This is 
expected given both the long-range nature of the 
modified Debye-Hiickel potential at zero salt 
and the smaller interphosphate distances of in- 
creasingly interwound supercoils, 

The rate of change of the twisting energy with 
ALk is essentially the same at zero and 1 M salt, 
preceding the circle to figure-g conversion. The 
variation in E, with ALk, however, is greater 
before than after the point of collapse. The drop 
in E, at the configurational transition is also not 
as sharp as that found in simulations of purely 
elastic DNA, where ALk at the transition point is 
closer in value to the writhing number of the 
figure-8 and the twisting energy contribution is 
consequently closer to zero [33,34]. The drop in 
E, is, as expected, somewhat less pronounced at 
low than at high salt. The latter difference fol- 
lows from the greater value of ALk, and hence 
the larger twist (ATw = ALk - $Vr) of the figure-8 
at the configurational transition under low salt 
conditions. 
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3.3. Bending to twisting ra tie 

Variation of the bending and twisting stiffness 
ratio A/C provides further information on the 
relative contributions of the elastic and electro- 
static energy components in determining the opti- 
mized configurations of supercoiled DNA. An 
increase in A/C reduces the relative importance 
of the twisting energy, delaying the onset of su- 
percoiling at higher ALk. As evident from Fii. 4 
and Table 3, the 100 bp DNA model with ALk = 3 
resists collapsing into a figure-8 under the condi- 
tion of no added salt when A/C is changed from 
1 to 2. The decrease in Wr found at A/C = 2 is 
not surprising given that the energy optimized 
ALk = 3 state at A/C = 1 is a figure-8 only 
slightly beyond the critical transition point. The 
writhing number similarly decreases with a corre- 
sponding increase of A/C at 1 M salt, although 
the change in overall shape and degree of over- 
winding is not so dramatic as in the case of no 
added salt, The reduction in the writhing number 
corresponds to an overwinding in the twist of 0.38 
at high salt versus roughly one superhelical turn 
at zero salt. 

The deIay in the onset of supercoiling with 
increase in A/C is accompanied by an increase 
in total energy at both salt concentrations. At 
zero salt, small decreases in E, and E, at 
A/C = 2 are compensated by a larger increase in 
E,. Both bending and twisting terms are in- 
creased, while the electrostatic energy remains 
constant with the change in A/C at c, = 1 M. 
The numerical values in Table 3 are reduced by a 
constant fa$or (2&,/L, where C, = 1.2755 x 
10-l’ erg A) in order to compare the relative 
magnitudes of individual energy terms at the two 
values of A/C. 

3.4. Chair length dependence 

The effects of chain length (at fixed A/C = 1) 
on the optimized structures in the absence and 
presence of salt are presented in Fig. 5 and 
Tables 4 and 5. Surprisingly, the increase in chain 
length at ALk = 3 leads from a figure-8 minimum 
at 100 bp to open circular structures at 150 and 
175 bp for the case of no added salt, but to more 

AK = 1 

A/C=2 

A/C = 1 

AK=2 

Fig. 4. Dependence of the optimized super&led configura- 
tions of KKI-residue supercoils on the ratio A/C of the 
flexural rigidity coeffkient to the twisting stiffness constant. 
The imposed linking number difference is fixed at 3. Electro- 
static interactions are represented by a modified Debye- 
Hiickel potential and excluded volume effects by a hard-sphere 
potential. The starting configuration is a circle of 14 evenly 
spaced controlling points. In (a) the salt concentration c, is 
fixed at 0 M (no added salt) and in (b) c, = 1 M. 
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Table 3 
Writhing number and reduced energy components as a func- 
tion of A/C and salt concentration a 

A/C Wr I? EB ET I& 

c,=OM 
1.00 0.96 23.98 3.20 4.15 16.63 
2.00 0.00 25.67 2.03 9.00 14.64 

c,=lM 
1.00 1.22 9.55 4.07 3.19 2.29 
2.00 0.84 12.72 5.76 4.67 2.29 

a The elastic and electrostatic model was used with ALk = 3 
and 100 bp chain length. The energy, &= E/(2?rzC0/L.), 
where C, = 1.2755 X 10 - *’ erg A, is a non-dimensional quan- 
tity. 

highly collapsed interwound arrangements at 1 M 
salt. As expected from the increased number of 
nucleotide residues, the total energy increases 
with increasing chain length in both the low and 
the high salt regimes. The electrostatic interac- 
tions, however, play a significant role in deter- 
mining the optimum spatial configuration with 
increase in chain length at zero salt. The increase 
in electrostatic energy is very pronounced since 
the phosphate groups are unscreened by small 
ions. The reduction in the twisting energy be- 
tween the figure-8 (ET = 4) and circle (I?, = 9) at 
c, = 0 M is no longer sufficient to compensate for 
the corresponding increase in electrostatic repul- 
sions between the two forms at longer chain 
lengths. The critical transition point is therefore 
shifted to larger ALk: thus, the observed de- 
crease of Wr with increase of chain length at 
ALk = 3 in Table 4. It should be noted that the 
optimized configuration of the 175 bp chain is not 
a perfect circle at zero salt. The equilibrium state 
of this chain may not have been attained during 
the course of simulated annealing. The reduced 
bending and twisting energies of a 175 bp circle 
at this ALk (,??a = 1 and I?, = 9) generate an 
upper bound on I!? of 60.46. (The electrostatic 
energy of the circle is expected be less than the 
value of SO.46 reported for the distorted mini- 
mum in Table 4.) 

The situation is somewhat different at high 
salt. While the electrostatic term increases in 
magnitude with increase of chain length, the in- 
terplay between the bending and twisting energy 

continues to determine the optimum configura- 
tion when c, = 1 M, The increase of the electro- 
static energy with increasing chain length is much 
less pronounced at 1 M than zero salt. Because of 
its short-range nature at high salt, the modified 
Debye-Hiickel contribution is not sensitive to the 
overall spatial configuration of the DNA and 
does not influence the onset of supercoiling. The 
effect of chain length on the bending energy is 
more complex. While the bending of individual 
residues is less pronounced in longer chains, the 
number of such terms increases. The lesser bend- 
ing apparently dominates over the loo-150 bp 
range, leading to figure-8 structures. The com- 
puted bending energy of a Wr = 1.6 chain is 5.13 
for 100 bp (Table 2) versus 4.42 for 150 bp (Table 
4). The data in Table 4 further suggest that the 
variation of E, which accompanies interwinding 
of the supercoil is less sharp in longer chains. 
Otherwise it is difficult to account for the in- 
crease in the writhing number and the drop in E, 
with chain length at high salt. The latter trends 
are completely opposite to those exhibited by 
chains with no added salt and could not be pre- 
dicted ahead of time. 

The chain dimensions reported in Table 5 re- 
flect the combined effects of increasing contour 
length and configurational change outfined above. 
The radii of gyration, the largest principal mo- 
ments I, and I,, and the mean interphosphate 
distances all increase with chain length at both 
salt concentrations. As expected, the DNA is 
more expanded in the absence of salt for any 
given chain length. The discrepancy is greater at 
longer chain lengths where the low salt form 
opens from an interwound into a circular form. 
The structures at 1 M salt are more writhed 
(folded) but more expanded (due to larger con- 
tour length) at greater chain length. 

3.5. Branched three-leaf rose versus interwound 
confgurations 

We have also carried out simulations at ALk 
= 3 using a 100 bp branched three-leaf rose as 
the starting structure (Fig. 6). The coordinates of 
this initial state are slightly deformed from those 
of a known stable elastic energy minimum 
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(a) 

(b) 

(I. Tobias, unpublished data). The branched 
structure is much more compact (at this particu- 
lar ALk) than the interwound state in terms of 
both the mean inter-phosphate distance and the 
radius of gyration (Table 61, but is closer to a 
circle than an inter-wound supercoil in terms of 
the relative proportions of the principal moments 
of the radius of gyration (1, = 1, B 1J. The 
writhing number of the three-leaf rose is compa- 
rable to that of an interwound duplex with roughly 
two superhelical crossings (Table 7). As a result, 
the variation in twisting energy upon simulated 
annealing is fairly small (AET = 1.26 at c, = 0 M 
and 0.07 at c, = 1 M). The difference in energy 
between the branched and interwound minima 
lies primarily in the bending energy (Ad, = 
- 3.95 at c, = 0 M and - 2.95 at c, = 1 M), with 
the electrostatic term providing some additional 
stabilization at zero salt (A&, = - 1.90). As 
noted above, the electrostatic term plays almost 
no role at high salt (the electrostatic energies of 
the starting branched structure and final inter- 
wound form are identical). 

While the starting model in Fig. 6a can be 
relaxed to the apparent energy minimum, a 
three-lobed branched elastic energy minimum 
identified by deterministic methods CT. Schlick, 
unpublished data) is unchanged by simulated an- 
nealing. The reduced energy of the latter stable 
state (l? = 28.37 at c, = 0 M and l? = 10.05 at 
c, = 1 M) is also higher than that of the inter- 
wound global energy minimum (B = 23.37 at c, = 
0 M and ,J? = 8.53 at c, = 1 MI. 

The optimized interwound structures, shown 
in Fig. 6, are similar to those obtained at ALk = 3 
with a circular starting state at 0 and 1 M salt. 
The energies in the present simulations, however, 

Fjg. 5. Examples illustrating the effect of chain length on the 
optimized supercoiled configurations of DNA. The imposed 
linking number difference is fixed at 3 and the bending to 
twisting ratio A /C = 1. The starting configuration is a circle 
of 14 evenly spaced controlling points. Electrostatic interac- 
tions are represented by a modified Debye-Hiickel potential 
and excluded volume effects by a hard-sphere potential. In (a) 
the salt concentration c, is fixed at 0 M (no added salt) and in 
(b) cQ = 1 M. The parameter nres is the total number of 
residues of the DNA. 
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Table 4 
Writhing number and reduced energy components as a func- 
tion of chain length (bp = total number of base pairs of DNA) 
and salt concentration a 

bp Wr 6 6, 6, 8, 

c,=OM 
100 0.96 23.98 3.20 4.15 16.63 
150 0.00 45.40 1.02 8.99 35.39 
175 0.09 61.11 2.20 8.45 50.46 

c,=lM 
loo 1.22 9.55 4.07 3.19 2.29 
150 1.61 11.50 4.42 1.93 5.1s 
175 1.84 13.10 4.75 1.34 7.01 

a The elastic and electrostatic model was used with ALk = 3 
and A/C = 1. The energy, I? = E/(2w2C/L), is a non-di- 
mensional quantity. 

are slightly lower than those reported above 
(compare Table 2 with Table 7). The writhing 
numbers of the optimized states are slightly higher 
in value and the twisting energies thus of lower 
magnitude at both salt concentrations. The ac- 
companying increases in the bending energy and 
electrostatic term in both cases are less than the 
drop in E,. The final interwound configurations 
are thus somewhat more compact than the corre- 
sponding minima reported above (compare the 
values of (P.. .PdiSt) in Tables 1 and 6). The 
effect of salt on chain geometry is thus compara- 
ble to that detailed above. 

Table 5 
Radius of gyration (R,), principal moments of the radius of 
gyration (II, I,, IS) and the average P...P distance (P...PdiSt) 
as a function of chain length fbp is the total number of base 
pairs of DNA) and salt concentration a 

bp Rs @I 11 (AI 12 (A) 1s Cli> (P.. .Pdtst) (AI 

c,=OM 
100 44.89 42.51 13.33 5.45 55.30 
150 80.59 51.13 56.21 1.69 103.56 
175 88.36 65.79 58.17 9.81 113.63 

c,=lM 
100 43.89 41.98 10.72 6.99 53.75 
150 66.64 64.71 13.04 8.70 80.37 
175 77.39 75.45 15.93 6.50 92.67 

a The elastic and electrostatic model was used with A/C = 1 

and ALk=3. 

Fig. 6. Structural example illustrating the relative shape of the 
lOO-residue branched three-leaf rose configuration with ALk 
= 3 compared to the 100-residue interwound form. The start- 
ing configuration is a symmetric three-lobed polygon with 15 
controlling points (top). The optimized supcrcoiled configura- 
tions are shown for the cases of no added salt (middle) and 1 
M salt (bottom). Electrostatic interactions are represented by 
a modified Debye-Hiickel potential and excluded volume 
effects by a hard-sphere term. The bending to twisting stiff- 
ness ratio A / C = 1. 

3.6. Electrostatic and elastic simulations uersus 
elastic simulations 

Finally, we compare our results in Table 8 with 
simulations of DNA supercoiling in chains of 

Table 6 
Radius of gyration CR,), principal moments of the radius of 
gyration (I,, I,, 1s) and average P.. .P distance (P.. .Pdist) for 
the branched three-leaf rose structure and the optimized 
interwound structures obtained under the condition of no 
added salt and 1 M salt ’ 

c, (MI Rs &I 11 (& 12 (A) 13 &) (P.. .Pd,t) (ii> 

starting three-leaf rose structure 
31.52 21.24 21.07 9.93 40.44 

optimized intenvound structures 
0 44.83 43.20 9.38 7.49 54.47 
1 44.13 42.83 8.89 5.87 53.22 

a The elastic and electrostatic model was used with A/C = 1, 
ALk = 3, and 100 bp chain length. 
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Table 7 
Writhing number and reduced energy components for the 
branched three-leaf rose structure and the optimized inter- 
wound forms obtained under the condition of no added salt 
and 1 M salt a 

Wr E’ 
_ 

f&i ET ‘EL 

c,=OM 
rose 1.83 28.36 7.73 1.37 19.26 
interwound 1.38 23.31 3.78 2.63 17.36 

c,=lM 
rose 1.83 11.41 7.73 1.37 2.31 
interwound 1.80 8.53 4.78 1.44 2.31 

a i = E/(2&/L), the energy, is a non-dimensional quan- 
tity. The elastic and electrostatic model was used with ALk = 
3, A/c = 1, and 100 bp chain length. 

corresponding length and ALk subject only to an 
elastic potential and a (20 A) hard-sphere con- 
straint. As anticipated, the optimized 100 bp DNA 
structures obtained in the added presence of an 
electrostatic energy term are more open than 
those found with the simple elastic model. Fur- 
thermore, the configurational differences from 
the elastic reference are more pronounced at 0 M 
than at 1 M salt. As evident from the table, the 
writhing number decreases at fixed ALk when 
the composite elastic/electrostatic potential is 
employed (more so for the case of no added salt). 
This trend reflects the electrostatic repulsions 
between phosphate groups which favor less com- 
pact structures. 

According to analytical predictions based on 
elasticity theory [16], the critical linking number 
difference at which the exchange of energy be- 
tween the circle and figure-8 occurs is approxi- 
mately 1.4 when A/C = 1. As noted earlier, the 
phosphate repulsions included in the composite 
elastic/ electrostatic potential energy delay the 

onset of the configurational transition and force 
the strands of the interwound form to be further 
apart. For ALk = 2 and no added salt, a circular 
form is found in place of a figure-8 structure 
when the electrostatic energy is included. At high 
salt (cS = 1 M) the chain is collapsed, but in a 
slightly more open structure (Wr = 0.93) than the 
elastic DNA model (Wr = 0.96), In this case, the 
critical ALk is in rough agreement with the value 
predicted on the basis of the elastic model [16]. 
For ALk = 3, the optimized configuration is a 
figure-8 (with loops roughly co-planar at c, = 0 M 
and more out-of-plane at c, = 1 M and for the 
pure elastic model). In longer chains of 1000 bp 
the elastic model adopts an interwound structure 
[7]. Interestingly, the shortest interphosphate dis- 
tances at the center of the optimized structures in 
Table 8 arf comparabie in value at zero and high 
salt (19.8 A and 20.4 A, respectively). The closest 
non-bonded contacts (20.3 A) in the optimized 
elastic structure are also at the imposed hard- 
sphere limit. The length of the contact zone be- 
tween long-range phosphates is, as expected, 
greater for the minimum energy 100 bp configu- 
ration at 1 M than 0 M salt. There are roughly 0.7 
turns of distantly spaced duplex within a 21 A 
separation distance and 1.9 turns within a 25 8, 
contact limit at 1 M salt, versus 0.5 turns of the 
DNA within 21 A and 1.0 turns within 25 A at 
c, = 0 M. The terminal loops are thus shorter at 1 
M salt than at zero salt. The loop size, as mea- 
surtd by long-range contact distances greater than 
30 A, is 1.9-2.4 turns of duplex at high salt versus 
3.2-3.6 turns at zero salt. The loop size of the 
elastic model measured by this criterion is 2.3-2.7 
turns of DNA. The interwound contact-zone of 
the elastic model is of similar dimensions to that 
fount at 1 M salt with 1.3 turns of duplex within 
a 21 A separation distance and 2.0 turns with a 25 
A limit. 

Table 8 
Comparison between the writhing numbers obtained with the 
elastic and elastic/electrostatic simulations ’ 

ALk Elastic Elastic/electrostatic Elastic/electrostatic 
4. Summary and perspectives 

model model (c, = 1 M) model (c, = 0 M) The present study is a first step in understand- 
2 0.96 0.93 0.00 ing how the polyelectrolyte character of DNA 
3 1.31 1.22 0.96 governs the overall folding of the closed circular 
a A/C = 1; chain length = 100 bp. double helix. Until now, models of DNA super- 
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coiling have been based on a simple elastic treat- 
ment, where the DNA is described as an un- 
charged, isotropic, symmetric, and linearly elastic 
thin rod characterized by its local bending and 
twisting stiffness. The long-range repulsions of 
negatively charged phosphate groups have been 
included indirectly by increasing the magnitudes 
of the elastic force constants and more directly 
through the incorporation of Lennard-Jones or 
hard-sphere terms [5,7,18,35-371. Our calcula- 
tions show that specific treatment of long-range 
electrostatic repulsions through a modified De- 
bye-Hiickel energy term opens the DNA super- 
coil compared to an elastic representation of the 
closed circular chain. The electrostatic contribu- 
tion not only influences the close contacts of 
interwound configurations but also shifts the crit- 
ical value of the linking number difference at 
which the circle collapses into a figure-8 configu- 
ration. The interwound forms, for example, are 
more open structures than the corresponding 
elastic models of the same ALk. Moreover, the 
predicted opening of the chain at low salt is 
qualitatively consistent with the observed transi- 
tion from tight ,to loose interwound supercoils 
observed upon decrease of salt concentration in 
cryo-electron microscopy images of highly super- 
coiled DNA [8,9]. The proportions of the global 
energy minimum state of the short DNA at the 
point of collapse from circle to figure-8, however, 
are predicted to be virtually identical at zero and 
1 M salt (although occurring at different values of 
ALk). 

The short (178 bp), highly supercoiled DNA 
minicircles visualized under the electron micro- 
scope are of chain length and superhelical density 
comparable to the models considered here. The 
topoisomers with linking number deficits of 0, 
- 1, and -2 co-migrate in standard low salt 
electrophoresis buffer and exhibit near zero 
writhing numbers in the electron micrographs [9]. 
At high salt, the -2 isomer adopts a figure-8 
shape under the electron microscope and moves 
separately from the 0 and - 1 isomers on the gel. 
This is precisely the behavior predicted in our 
calculations at 1 M salt. The increased gel spac- 
ing between the -2 and - 1 isomers compared 
to the 0 and - 1 isomers is consistent with a small 

change in shape between the 0 and - 1 states and 
a larger change between the - 1 and - 2 states 
(see Figs. 2 and 5). The - 3 to -5 topoisomers, 
while not isolated and separately visualized, co- 
migrate with the nicked minicircle at low salt, 
confirming the predicted delay in the onset of 
writhing of super&led chains of 175 bp at c, = 0 
M in our work. The observed high salt migration 
of the same species is consistent with a form, 
such as the interwound configuration predicted 
for the 175 bp DNA at ALk = 3 and 1 M salt, 
that does not dramatically change in overall shape 
at higher imposed linking number differences. 

Current limitations on computational re- 
sources prevent rigorous study of longer DNA 
supercoils, the comparison of different potential 
functions, the detailed examination of specific 
salt concentrations, and the analysis of large 
molecular ensembles. The long-range nature of 
the electrostatic energy necessitates detailed 
treatment of all pairwise phosphate-phosphate 
interactions. The calculations therefore cannot be 
enhanced by the standard use of a distance cutoff 
criterion. One hope for future computational 
speedup lies in cluster treatments, such as the 
fast voriex schemes commonly employed for the 
numerical simulation of reactive flows [38] and 
recently extended to studies of protein folding 
[39,40]. Preliminary studies show that calculations 
of the electrostatic energy in supercoiled DNA of 
5000 bp can be enhanced by a factor of 30-50 
using such algorithms [411, thereby facilitating 
routine studies of longer chains at naturally oc- 
curring superhelical densities. The numerical 
findings presented here provide an essential 
benchmark for what must of necessity be approxi- 
mate computational treatments of longer chains. 

The present data, nevertheless, reveal several 
interesting observations worthy of further study. 
One notable result is the unexpected opening of 
the DNA supercoil with increase in chain length 
at low salt concentration and the apparent col- 
lapse of the same chains at high salt. It is not 
cIear whether this effect levels off at much longer 
chain lengths and whether it is sensitive to the 
electrostatic energy treatment. We also find that 
the writhing number increases with increasing 
salt concentration for DNA at a fixed linking 
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number difference over all chain lengths consid- 
ered. The apparent dependence of Wr on salt 
concentration, however, must be tested in further 
simulations of longer DNAs in view of the very 
short length of chains treated here. Interestingly, 
long (2657 bp) DNA plasmids with -0.05 super- 
helical density show an increase in the writhing 
number and a tightening of interwound geometry 
with increasing salt concentration in cryo-electron 
microscopic studies [9]. The preliminary studies 
of branched three-leaf rose starting structures 
also suggest that these forms may be more ener- 
getically favorable under some conditions. The 
difference in bending and twisting energy be- 
tween the three-leaf rose and the interwound 
structure of the same writhing number will be 
substantially reduced at longer chain lengths, so 
that straight and branched configurations might 
be of more comparable energy at high salt. 
Branched forms are commonly observed in elec- 
tron micrographs of longer supercoiled DNA [42]. 
It is also of special interest to carry out additional 
Monte Carlo/ simulated annealing simulations 
using the polyelectrolyte (ionic) free energy (which 
includes both an electrostatic and mixing energy 
and thereby treats the polyelectrolyte character 
of DNA rigorously) instead of the simple modi- 
fied Debye-Hiickel energy. 

The effect of ionic environment on the intrin- 
sic twist of DNA, has been studied experimen- 
tally by a number of workers [43-451. If one is 
simply interested in determining the global con- 
figuration of a given topoisomer at a given salt 
concentration following the method described 
here, the results of these experiments play no 
role in the process. If, however, one is interested 
in the effect of a changing ionic environment on 
the configuration of this topoisomer, then it be- 
comes necessary to study the experiments. For if 
the intrinsic twist Two changes as the salt concen- 
tration is varied, then so must ALk ( = Lk - Tw,) 
change. Thus, for example, if, as some of the 
work suggests, DNA winds more tightly with in- 
creasing salt concentration, then the correspond- 
ing increase in the value of Tw, would be accom- 
panied by a decrease in ALk. One can then use 
the theory being presented here to determine the 
changed shape of the plasmid, taking into ac- 

count not only the new salt concentration, but 
also the new value of ALk. 
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