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Abstract

We present Monte Carlo simulations of the equilibrium configurations of short closed circular DNA that obeys a
combined elastic, hard-sphere, and electrostatic energy potential. We employ a B-spline representation to model
chain configuration and simulate the effects of salt on chain folding by varying the Debye screening parameter. We
obtain global equilibrium configurations of closed circular DNA, with several imposed linking number differences, at
two salt concentrations (specifically at the extremes of no added salt and the high salt regime), and for different
chain lengths. Minimization of the composite elastic/long-range potential energy under the constraints of ring
closure and fixed chain length is found to produce structures that are consistent with the configurations of short
supercoiled DNA observed experimentally. The structures generated under the constraints of an electrostatic
potential are less compact than those subjected only to an elastic term and a hard-sphere constraint. For a fixed
linking number difference greater than a critical value, the interwound structures obtained under the condition of
high salt are more compact than those obtained under the condition of no added salt. In the case of no added salt,
the electrostatic energy plays a dominant role over the elastic energy in dictating the shape of the closed circular
DNA. The DNA supercoil opens up with increasing chain length at low salt concentration. A branched three-leaf
rose structure with a fixed linking number difference is higher in energy than the interwound form at both salt
concentrations employed here.
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1. Introduction axis of the double helix winds in space to form a
new helix of a higher order, termed a supercoil or
The perfect linear structure of the Watson— superhelix. While many viral DNAs adopt

Crick B-DNA helix is distorted in compactly branched and interwound covalently closed su-
folded, naturally occurring DNA. The common percoiled forms [1], the DNA in chromatin (a
complex of the double helix with protein) of
higher organisms wraps around a core of protein
P . . ) . to form a left-handed solenoidal superhelix. Su-
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negative and a positive sense [1,2]. In living or-
ganisms there is roughly one superhelical turn for
every twenty turns of the local helix (e.g., =200
base pairs (bp)) [1,3]. Not surprisingly, DNA su-
percoiling is an important facet of biological pro-
cesses that entail local helical winding and un-
winding, such as replication, transcription, and
recombination. The closed circularity and the de-
formations associated with supercoiling affect
many physical and chemical properties of the
double helix, including its hydrodynamic behav-
ior, energetics, and enzymology.

The spatial constraints of DNA supercoiling
can be characterized mathematically by White’s
formula {4],

Lk = Tw + Wr. (1)

Here Lk is the linking number of DNA or the
number of times the two strands of the duplex
are intertwined (total number of revolutions of
one strand about the other), Tw is the twist of
one strand around the double-helical axis (ex-
pressed as helical turns), and Wr is the writhing
number, a measure of certain aspects of the ter-
tiary folding of the helix axis in space. From Eq.
(1), it follows that ALk = ATw + Wr, where ATw
=Tw — Tw, and Tw, is the twist in the torsion-
ally relaxed (Tw = Tw,) state.

Until now, theoretical studies of supercoiled
DNA have been based on an elastic model, where
the DNA is described as an uncharged, isotropic,
symmetric, and linearly elastic thin rod character-
ized by its bending and twisting stiffness. The
forces opposing the deformation of the rod give
rise to two independent energy contributions, one
which corresponds to the local bending of the
double helical axis and one which corresponds to
the twisting of the duplex with respect to its
equilibrium rest state, The two contributions are
expressed, respectively, in terms of the integral of
the square of the curvature and the square of the
total twist (see the following section). It is impor-
tant to relax the simplifying assumption of DNA
as an uncharged rod given the charged phosphate
groups along its chemical backbone. It is ex-
pected for a charged macromolecule, such as
DNA, that the shape of its supercoiled structures

should be strongly dependent on ionic environ-
ment; that is, electrostatic effects should play a
significant role in dictating the long-range folding
of the polymer. In this paper, we treat super-
coiled DNA more realistically than ever before by
taking into account the polyelectrolyte character
of the chain backbone. To our knowledge, this is
the first computer simulation of supercoiled DNA
to treat electrostatic effects explicitly. In the past,
ionic effects in supercoiled DNA have been
treated only approximately in terms of variable
hard-sphere contact limits (see, for example, Ref.
(5D.

We consider the polyelectrolyte and elastic
behavior of DNA as well as excluded volume
effects (i.e. the interactions that arise because the
chain segments occupy a finite volume and thus
cannot self-intersect) in computer simulations of
the minimum energy superhelical configurations.
As in previous studies [5-7], we employ a B-spline
representation to model the spatial trajectory of
closed circular DNA and carry out Monte Carlo/
simulated annealing calculations. In order to ex-
amine the role of the polyelectrolyte backbone on
the folding of the chain, we adopt a more physi-
cal potential which, besides elastic and hard-
sphere contributions, includes a modified Debye-
Hiickel energy contribution. By varying the De-
bye screening parameter we can simulate the
effects of salt on chain folding. As a first step, we
study short chains of 100-175 bp, which can be
treated rigorously within the context of the modi-
fied Debye-Hiickel potential. We obtain mini-
mum energy configurations of closed circular
DNA with several imposed linking number differ-
ences, ALK, at two salt concentrations (specifi-
cally at the extremes of no added salt and the
high salt region), and at different chain lengths.
This study allows us to examine how the variation
of salt concentration affects the superhelical con-
figurations of DNA. We compare our results with
corresponding computer simulations of closed
circular DNA [6,7] based on the simple elastic
model (with excluded volume effects) and further
discuss our findings in the context of the ob-
served changes in overall shape of comparable
short DNAs in cryo-electron microscopic images
at low and high salt concentration [8,9].
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2. Model and method

The isotropic elastic rod model has been used
for many years to model closed circular DNA
[10-16]. Only recently have the excluded volume
effects, which are important to long interwound
DNAs, been taken into account [5-7,17-19]. As
noted above, superhelical DNA is treated even
more physically in this paper by directly taking
into consideration the polyelectrolyte character
of DNA.

2.1. B-spline representation

The axis of the closed double-helical trajectory
is represented by piecewise cyclic B-spline curves
[20]. The B-splines are defined by a series of
polynomial expressions which smoothly connect a
given sequence of controlling points (14 for the
circle and interwound forms and 15 for the
branched three-leaf rose configuration modeled
here). These curves are regionally defined func-
tions that are evaluated separately over different
intervals of the chain trajectory with as many
continuous derivatives as needed for the mathe-
matical analyses to be performed. Since only con-
tinuous first and second derivatives are required
for the calculation of the differential geometric
(e.g., writhing number and cutvature integral)
and the energetic parameters of the elastic DNA
model, we employ order 4 (cubic) B-splines. Fur-
thermore, the cyclic form of the curves automati-
cally satisfies the ring closure constraints of closed
circular or looped DNA and provides descrip-
tions of arbitrary trajectories of the double-heli-
cal axis for which there are not necessarily ex-
plicit geometric expressions. The configuration of
the chain is modified by simply varying the coor-
dinates of the controlling points. For a more
detailed discussion of the B-spline methodology,
the reader is referred elsewhere [5-7,18). Chains
of different contour lengths (100-175 bp) are
obtained by rescaling the controlling points of the
initial chain configuration. The phosphate groups,
which are represented by individua}, phosphorus
atoms, are evenly spaced at =~ 1.7 A increments
of arc length along the double-helical axis (repre-
sented by the B-spline curve). This spacing is

consistent with the projection of phosphate groups
of complementary-strands on the helical axis of
the canonical B-DNA duplex [21].

2.2. Potential energy

We assume that the total energy £ of the
closed circular DNA has four terms. The first two
terms, a bending E and a twisting E contribu-
tion, take into account the elastic character of a
homogeneous isotropic thin rod. The third contri-
bution Eyg monitors excluded volume effects by
means of a hard-sphere potential. The last contri-
bution Eg, treats the polyelectrolyte character of
DNA. The charges on the phosphate groups,
which are reduced in magnitude to account for
the counterion condensation phenomenon [22],
interact via a modified Debye-Hiickel potential.
Therefore, the total energy is expressed as

E=Eg+E +Ey+Eg. (2)

The bending energy Ey of the superhelical
DNA is given by

A
Ey=7 fo "(s)? ds, 3)

where « is the curvature of the axis of the rod, s
the arc length, L the total contour length of the
DNA (prior to scaling), and A the bending stiff-
ness constant. The magnitude of A4 is determined
from the per residue step height # of DNA (3.4

), the per residue mean-square bending angle
(A?) (in units of radians), the Boltzmann con-
stant k, and the absolute temperature T using
the expression A4 =2hkT/{A?) [23]. The persis-
tence length P, is also related to A through the
relation P,=A/kT [24]. Taking the root-mean-
square bending angle toobe 8.5° at 298 K yields
A=12755%x10"" erg A and P,=310 A. The
latter value corresponds roughly to the non-elec-
trostatic contribution to the persistence length of
DNA in aqueous NaCl solution [25].

The twisting energy E; of the superhelical
DNA is expressed as

c
E;= Ef:(w — wg)* ds, (4)



258 M.O. Fenley et al. / Biophysical Chemistry 50 (1994) 255-271

where w is the rate of local twist per unit arc
length (i.e. twist density), w, the intrinsic rate of
twist, and C the twisting stiffness constant. The
expression C = hkT/{$*) [26,27] is used to com-
pute the force constant. The parameter {$?) in
this equation is the mean-square twisting angle in
units of radians. Assuming a bending/twisting
stiffness ratio A/C =1 and setting h, k, and T
to the Valugs listed above gives C=12753 X
10~ erg A (since 4 =12755x10"" erg A)
and a root-mean-square twisting angle (¢*) = 6°.
The case A/C =2 is also considered, the chosep
ratio corresponding to A =2.5510 X 107! erg A
and (A*) =6.0°.

According to Fuller [13] and Tanaka and
Takahashi [28], if the rod is isotropic, symmetric,
and linearly elastic and the twist density is conse-
quently uniform, the expression for E given in
Eq. (4) can be rewritten as

m2C

Er=——(ALk- wr)’. (5)

This simplification follows from the integral in
Eq. (4), which under these conditions can be
rewritten as (& — w,y)’L, together with the iden-
tity (w —wy)L =27ATw and White’s formula,
ATw = ALk — Wr. Here ALk is the imposed link-
ing number difference of superhelical DNA rela-
tive to the relaxed (unwrithed) closed circular
form and Wr is the writhing number. Local sec-
ondary structural effects, such as salt induced
changes in intrinsic helical twist or major confor-
mational transitions (e.g., B- to A-DNA or right-
to left-handed transitions), are thus ignored in
the calculations. We calculate the writhing num-
ber using either the Gauss double integral [29] or
Fuller’s single integral [30]. For a detailed pre-
sentation of these equations, the reader is re-
ferred elsewhere [6,7). Eqs. (3)-(5) follow from
the assumptions that the rod is intrinsically
straight, has a circular cross-section, and there-
fore exhibits no preferential directions of bending
and twisting.

. A hard-sphere potential Eg is used to ac-
count for long-range excluded volume effects.
This energy contribution prevents the self-inter-
section of chain segments that are far apart along

the DNA contour. The contacts of chain contour
points are thus restricted to distances greater
than a cutoff radius D with Eyg given by

0 rjkgb,

EHS: 0 rjk>D. (6)

The parameter r, is the distance between any
two points along the double-helix axis. In prac-
tice, only values j and k separated by an arc
length greater than = 68 A (roughly two helical
turns of the DNA duplex) are considered, and
the parameter D is set equal to the diameter of
DNA (=20 A).

The modified Debye—Hiickel energy Ep; be-
tween any phosphate pair along the double-heli-
cal axis is given by:

P e KTkj

EEL=(q,)2Z . (7)

i<k Erjk

Here P is the total number of phosphate groups,
r;. the distance between the jth and kth phos-
phate groups, e the dielectric constant of water at
25° (i.e. 78.3), and q' the effective phosphate
charge (i.e. the phosphate charge reduced by
1 — N8y to account for the counterion condensa-
tion phenomenon, with 6y the number of con-
densed N-valent. counterions per DNA charge).
According to counterion condensation theory for
B-DNA in an environment of aqueous NaCl solu-
tion [22], there is 76% neutralization of the phos-
phate charges by bound Na™ ions. It follows that
1—-N6y=024 and the effective charge g’ is
given by g X 0.24, where ¢ is the unit electrical
charge. The parameter « in Eq. (7) (not to be
confused with the curvature introduced above) is
the Debye screening parameter given by,

k=0.329/c,, (8)

with ¢, the concentration of monovalent salt in
units of molarity. Two extreme cases are consid-
ered: no added salt (¢;=0 M) and the high salt
regime (¢, = 1 M). The usual mixing and entropic
contributions to the ionic free energy within the
framework of numerical counterion condensation
theory are neglected in the current studies.

In some supercoiled configurations two DNA
segments can approach closely enough to pene-
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trate each other’s Debye clouds. Therefore, the
effective charges (g’ in Eq. (7)), which we take as
invariant according to the counterion condensa-
tion theory of a single isolated polyion, become
more approximate when two segments are close.
This approximation, however, is unlikely to lead
to qualitatively incorrect results. Furthermore,
even with this difficulty, the Debye—Hiickel po-
tential with invariant effective charges is better
than a Debye—Hiickel potential with bare charges
(valence = —1); the condensed counterions lower
the charge on the phosphates by at least some
amount, even if this amount changes as segments
approach one another.

The total energy is expressed in reduced form
as £, a dimensionless quantity obtained by divid-
ing the total energy in Eq. (2) by the constant
2w*C/L.

The superhelical configurations described be-
low are also subject to a contour length constraint
not included in the total energy. The chain length
is preserved by using the following harmonic ex-
pression:

E, =KL(L _Lo)z- (9)

Here K, is a stretching force constant, taken as
0.3 erg A2, L, the initial contour length, and L
the actual contour length. This pseudo-potential
allows the chain to fluctuate to a small degree
during the course of the simulation. If the con-
tour length is kept strictly constant, few moves
can be made, even at high temperatures.

2.3. Monte Carlo simulation

In order to identify the global minimum of the
total energy (in reduced energy units) under the
constraints of ring closure and chain length, we
use an algorithm that combines Metropolis Monte
Carlo sampling [31] with a simulated annealing
procedure [32]. The starting configuration is ei-
ther a circle (in most cases) or a branched three-
leaf rose structure. The B-spline controlling points
are moved at random with new configurations of
lower enérgy automatically accepted and those of
higher energy accepted on the basis of the Boltz-
mann factor of the increase in energy. The system

is allowed to approach an equilibrium distribu-
tion at a given starting temperature T, The start-
ing temperature T, is obtained from the expres-
sion kT =cE,, where k is the Boltzmann con-
stant, E, the starting initial energy, and o set
equal to 0.01. This value of ¢ guarantees that
30%-50% of the moves among all trials are ac-
cepted. The temperature is then reduced by an
accelerated cooling procedure where the temper-
ature is lowered by a factor 0.957 at the pth
temperature lowering step, and the system is al-
lowed to reach equilibrium once again. At each
temperature, the configuration is relaxed by 20000
Monte Carlo moves. The step size is set equal to
0.8% of the initial contour length of the DNA.
The cooling process is allowed to take place 17
times, but is terminated early if the configuration
no longer changes (i.e. when the temperature is
below the freezing point).

3. Results and discussion

We have employed the method outlined in the
previous section to examine the optimized super-
helical configurations of DNA subject to the com-
posite elastic/electrostatic potential energy. We
obtain minimum energy superhelical configura-
tions of DNA, with several imposed linking num-
ber differences, at different salt concentrations
and chain lengths, We have also compared the
features of the elastic/ electrostatic model with
those of previously reported elastic models of
superhelical DNA.

3.1. Dependence of supercoiled configuration on
linking number difference and salt concentration

We begin by examining the dependence of the
superhelical configurations of a 100 bp DNA on
the linking number difference under the con-
straints of ring closure and controlled chain
length. To study the ionic strength dependence of
the onset of supercoiling, we have started with a
perfect circle and varied ALk from 0 to 4 under
two extreme salt conditions. We fix A/C equal
to unity and consider the cases of no added
monovalent salt (i.e. NaCl) (¢c,=0 M) and the



260

high salt regime (¢, =1 M). We anticipate that
the repulsion between phosphate groups will de-
lay the onset of supercoiled states, in which the
average distance between phosphate groups is
reduced compared to the open circle. We further
expect that this repulsion will be greater in the
absence of salt since the phosphate groups are
unscreened by small ions.

In order to gain a better idea about the overall
shape of the optimized DNA structures we com-
pute the radius of gyration (R,), the principal
moments of the radius of gyration ([}, I;, I,
where R2=IZ+ I} +1}), and the average inter-
phosphate distance ({P...P,») of the resulting
DNA structures. For a discussion of the proce-
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dure employed to compute the principal mo-
ments of the radius of gyration, the reader is
referred elsewhere [18].

The final optimized configurations obtained
for integral values of the imposed linking number
difference under the condition of no added salt
are illustrated in Fig. 1a. These and selected
intermediate states are described in further detail
in Tables 1 and 2. As evident from the reported
data, the minimum energy configurations of the
DNA are circles for values of ALk up to at least
2.5, The radii of gyration, principal moments of
gyration, average interphosphate distances, and
writhing number are roughly the same for the
optimized structures over this range. Moreover,

ALk = 2.00

ALk = 1.00
ALk =3.00 ALk =4.00
ALk = 1.00 ALk =2.00
ALk = 3,00 ALk = 4.00

Fiﬁ. 1. Optimized supercoiled configurations of 100-residue DNA supercoils (200 phosphates) at various imposed linking number
differences for (a) ¢, =0 M (no added salt) and (b) ¢, =1 M salt concentrations. Electrostatic interactions are represented by a
modified Debye—Hiickel potential and excluded volume effects by a hard-sphere potential. The starting configuration is a circle of

14 evenly spaced controlling points.
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Table 1

Radius of gyration (Ry), principal moments of the radius of
gyration (I}, I, I3) and the average P...P distance (P... Py}
as a function of ALk and salt concentration ®

Ak RA) LA LA LA (P.RA)

=0M
000 5371 3839 3753 159  69.14
1.00 5374 3821 3778 111 69.18
200 5369 3936 3648 131 69.09
250 3376 3845 3757 071 6920
275 4476 4195 1447 584 5544
300 4489 4251 1333 545 5530
400 4429 4273 934 700 5389

¢, =1M

000 5376 3850 3750 098 69.20
100 5377 3841 3763 062 69.21
1.50 53.71 3863 3729 156 69.14
175 4448 4129 1516 662 5534
200 4464 4191 1438 544 55.24
300 4389 4198 1072 699 5375
400 4344 4186 9.08 719 5286

2 The elastic and electrostatic model was used with A /C=1
and 100 bp chain length.

the shapes are very close to those of a perfect
circle, for whlch R,=(100bp X 3.4 A/bp)/ZTr =
5411 A, I, = g/w/' 3826 A, and I,=0.
The supercmled forrns found to be of low energy
at ALk =2.75 and beyond, however, are quite

(a) ¥ T T T T

s=da= ¢ = 0M

—O—C‘-'IM

1.50r-

1.00F

Wr

0.50

0.0 0-5—4 S L e
[\]

ALk

Table 2
Writhing number and reduced energy components as a fum;-
tion of ALk and salt concentration ?

Alk  Wr E Ey Er Eg
¢, =0M

0.00 000 1564 101 0.00 14.63
1.00 0.00 16.63 100 100 1463
2.00 0.01 19.63 102 397 14.64
2.50 006 2161 103 595 14.63
275 086 2296 288 3.8 16.50

3.00 0.96 2398 320 4.15 16.63
4.00 139 2874 4.69 6.83 17.22

c,=1M ,

0.00 0.00 328 0.99 0.00 229
1.00 0.04 423 1,02 0.92 229
1.50 0.00 5.56 1.03 224 229
1.75 0.80 5.96 2.77 0.90 229
2.00 0.93 6.51 3.07 115 229
3.00 122 9.55 4.07 3.19 229
4.00 1.60 13.17 5.13 5.75 229

* The elastic and electrostatic.model was used with 4/C=1
and 100 bp chain length, The energy, E= E /@=*C/L), is a
non-dimensional quantity.

different in overall shape from the circle. The
relative compactness of these structures is imme-
diately apparent from the decreased values of
both the radii of gyration and the average inter-
phosphate distances in Table 1 as well as from

(o)

(Ip-13)+1

ALk

Fig. 2. Change in overall shape of 100-residue DNA supercoils (200 phosphates) with ALk as measured by (a) the writhing number
Wr and (b) the ratio (I — I;)/I; of principal moments of the radius of gyration, at ¢;=0 M (no added salt) and ¢, = 1 M. The
elastic and electrostatic model was used with 4/C =1 and 100 bp chain length. See legend to Fig. 1.
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the molecular representations in Fig. 1la. The
magnitudes and relative proportions of the prin-
cipal moments of the radius of gyration also
change in these configurations, reflecting their
long, oblong shapes. In the examples in Table 1,
we see that [, > 1, and that I, =1, in the col-
lapsed supercoiled arrangements, especially those
at higher ALk where the DNA begins to change
from a figure-8 shape to an interwound form.
Furthermore, the writhing number increases with
ALk beyond the critical transition from circle to
figure-8, the slope dWr/dALk between the few
reported points past the collapse being approxi-
mately 0.4 (Fig. 2a). The latter measure of config-
urational change in supercoiled DNA, however,
can be quite misleading. According to recent
finite element analysis [33] and energy minimiza-
tion [34] studies, the variation of Wr with ALk
resembles a discontinuous step function rather
than a smooth linear function,

The optimized configurations obtained under
the condition of 1 M salt at integral values of
ALk are shown in Fig. 1b. As anticipated, the
circular form does not persist over as wide a
range of ALk as it does at zero salt. According to
the numerical data in Tables 1 and 2 and the

30
{a)

20
N
o
-
(]
-
w
10f .
E;
R . . €5
S 1 2 3 4

alk

graphical representations in Fig. 2, the critical
transition in energy from circle to figure-8, occurs
somewhere in the range ALk =1.5-175at 1 M
salt, versus ALk = 2.5-2.75 at zero salt. As noted
above, the radius of gyration, average interphos-
phate distance, principal moments of the radius
of gyration, and writhing number all jump sud-
denly at the transition point. Interestingly, the
proportions of the figure-8 at the point of col-
lapse (described in terms of R, I, I,, I3, and
{P...Py») are virtually identical to those of the
corresponding figure-8 at zero salt. In other
words, the effective diameter of the DNA at the
circle to figure-8 transition is independent of salt
concentration. Beyond the transition point, the
supercoiled structures become progressively more
compact as measured by the ratio of principal
moments, (I, —I3)/I,. As at zero salt, the sec-
ondary I, axis becomes increasingly smaller with
increase in ALk, while /; and I; remain practi-
cally the same. The aforementioned ratio thus
approaches zero with increase of ALK, although
more rapidly at 1 M salt than at zero salt as
shown in Fig. 2b. The apparent variation of the
writhing number with ALk beyond the circle to
figure-8 collapse at 1 M salt (dWr/dALk = 0.3~

1§ T T o T

{b)

Energy

alk

Fig: 3. Variation with ALK of the total reduced energy E and its bending £ 8, tWisting ET, and electrostatic EEL components for
salt concentrations (a) ¢, =0 M (no added salt) and (b) ¢,=1 M. The curves passing through the total energy data are the
quadratic expressions listed in the text. Note the different scales at low and high salt. See legends to Figs. 1 and 2.
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0.5) is comparable to that found at zero salt,
although only a few data points have been deter-
mined in either case. Small decreases in the aver-
age interphosphate distance with increase in ALk
beyond the critical transition are apparent at
both salt conditions.

As expected, the interwound structures found
at 1 M salt are more compact than those at zero
salt and the same value of ALk. The mean inter-
phosphate distances, the radii of gyration, and
ratios of moments are consistently lower and the
writhing numbers consistently higher in the opti-
mized structures at 1 M than at zero salt for
supercoiled DNA with a given imposed linking
number difference. The screening of phosphate
charges at higher salt allows the interwound
strands of the DNA to come into closer contact.
At ALk = 3, for example, the average non-bonded
contact distance between phosphates separated
by more than ten nucleotides along the ogtlmlzed
DNA is 5530 A at zero salt versus 53.75 A at 1 M
salt. There are al§o fewer pairs of phosphate
groups within 30 A of one another at low salt
than at high salt (877 versus 1458 pairs at ¢, =0
M and 1 M, respectively).

3.2. Optimized energy components

According to Table 2 and Fig. 3, the total
energy increases smoothly with ALk regardless of
salt concentration: The data at zero salt fall along
the curve E =320+ 0.84 ALk + 0.41 ALk? and
those at 1 M salt along the curve E=1544
+0.97 ALk + 0.60ALk?2. The corresponding vari-
ations of the bending, twisting, and electrostatic
energy contributions, however, are more complex.
As expected for the circular shape which persists
at low ALk, the bending energy remains constant
up to the critical transition point, after which it
increases linearly with ALk (Fig. 3). Surprisingly,
the increase in E; with ALk is somewhat greater
in the supercoiled forms at zero salt than at 1 M
salt. One might expect both a slower onset of
chain bending at low versus high salt (as found
here) and a slower uptake of chain bending fol-
lowing collapse to the figure-8.

The observed variation in E at higher ALk is

apparently driven by the twisting and electrostatic
energy terms which overwhelm the bending con-
tribution at zero salt. The bending energy exceeds
the twisting energy at zero salt only when ALk =
0, and is as much as an order of magnitude
smaller than the electrostatic energy at some
non-zero values of ALk. In the absence of salt
the electrostatic energy is dominant over all other
energy contributions, and apparently dictates the
final optimized structures (see Fig. 3a). At 1 M
salt, in contrast, the bending energy exceeds the
twisting energy over a broad range of imposed
linking number differences (0 < ALk < 1 and 1.75
< ALk <3.0) (Fig. 3b). The electrostatic energy
also plays a much smaller role in determining
chain configuration at 1 M salt than when there is
no added salt. At high salt concentrations the
phosphate charges are effectively screened, and
the electrostatic energy is essentially the same for
circular and supercoiled DNAs. The only signifi-
cant contributions to the electrostatic energy at 1
M salt come from neighboring phosphate groups
which are equivalently spaced in the circular and
supercoiled trajectories. At zero salt, on the other
hand, Eg is constant up to ALk = 2.5 (since all
optimized structures are circles) but increases
with ALK beyond the transition point. This is
expected given both the long-range nature of the
modified Debye-Hiickel potential at zero salt
and the smaller interphosphate distances of in-
creasingly interwound supercoils,

The rate of change of the twisting energy with
ALk is essentially the same at zero and 1 M salt,
preceding the circle to figure-8 conversion. The
variation in E; with ALk, however, is greater
before than after the point of collapse. The drop
in E, at the configurational transition is also not
as sharp as that found in simulations of purely
elastic DNA, where ALk at the transition point is
closer in value to the writhing number of the
figure-8 and the twisting energy contribution is
consequently closer to zero [33,34]. The drop in
E is, as expected, somewhat less pronounced at
low than at high salt. The latter difference fol-
lows from the greater value of ALk, and hence
the larger twist (ATw = ALk — Wr) of the figure-8
at the configurational transition under low salt
conditions.
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3.3. Bending to twisting ratio

Variation of the bending and twisting stiffness
ratio A/C provides further information on the
relative contributions of the elastic and electro-
static energy components in determining the opti-
mized configurations of supercoiled DNA. An
increase in A/C reduces the relative importance
of the twisting energy, delaying the onset of su-
percoiling at higher ALk. As evident from Fig. 4
and Table 3, the 100 bp DNA model with ALk = 3
resists collapsing into a figure-8 under the condi-
tion of no added salt when A4 /C is changed from
1 to 2. The decrease in Wr found at A/C =2 is
not surprising given that the energy optimized
Alk=3 state at A/C=1 is a figure-8 only
slightly beyond the critical transition point. The
writhing number similarly decreases with a corre-
sponding increase of A/C at 1 M salt, although
the change in overall shape and degree of over-
winding is not so dramatic as in the case of no
added salt. The reduction in the writhing number
corresponds to an overwinding in the twist of 0.38
at high salt versus roughly one superhelical turn
at zero salt.

The delay in the onset of supercoiling with
increase in A/C is accompanied by an increase
in total energy at both salt concentrations. At
zero salt, small decreases in Eg and Eg; at
A/C =2 are compensated by a larger increase in
E;. Both bending and twisting terms are in-
creased, while the clectrostatic energy remains
constant with the change in 4/C at ¢,=1 M.
The numerical values in Table 3 are reduced by a
constant factor 2m’C,/L, where C,=1.2755 X
107! erg A) in order to compare the relative
magnitudes of individual energy terms at the two
values of 4/C.

3.4. Chain length dependence

The effects of chain length (at fixed 4/C =1)
on the optimized structures in the absence and
presence of salt are presented in Fig. 5 and
Tables 4 and 5. Surprisingly, the increase in chain
length at ALk = 3 leads from a figure-8 minimum
at 100 bp to open circular structures at 150 and
175 bp for the case of no added salt, but to more

AIC=2

Fig. 4. Dependence of the optimized supercoiled configura-
tions of 100-residue supercoils on the ratio A/C of the
flexural rigidity coefficient to the twisting stiffness constant.
The imposed linking number difference is fixed at 3. Electro-
static interactions are represented by a modified Debye-
Hiickel potential and excluded volume effects by a hard-sphere
potential. The starting configuration is a circle of 14 evenly
spaced controlling points. In (a) the salt concentration ¢, is
fixed at 0 M (no added salt) and in (b) ¢, =1 M.
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Table 3
Writhing number and reduced energy components as a func-
tion of A /C and salt concentration ?

A/C  Wr E Eg E; Eg

c,=0M

1.00 096 2398 320 415 1663
2,00 000 2567 203 900 1464

c,=1M
1.00 122 9.55 4.07 319 229
2.00 0.84 12.72 5.76 4.67 229

* The elastic and electrostatic model was used with ALk =3
and 100 bp chain length. The energy, E=E /@Qw2Cy /L),
where Cy=1.2755% 10" erg A, is a non-dimensional quan-
tity.

highly collapsed interwound arrangements at 1 M
salt. As expected from the increased number of
nucleotide residues, the total energy increases
with increasing chain length in both the low and
the high salt regimes. The electrostatic interac-
tions, however, play a significant role in deter-
mining the optimum spatial configuration with
increase in chain length at zero salt. The increase
in electrostatic energy is very pronounced since
the phosphate groups are unscreened by small
ions. The reduction in the twisting energy be-
tween the figure-8 (E; ~ 4) and circle (E; = 9) at
¢, = 0 M is no longer sufficient to compensate for
the corresponding increase in electrostatic repul-
sions between the two forms at longer chain
lengths. The critical transition point is therefore
shifted to larger ALk: thus, the observed de-
crease of Wr with increase of chain length at
ALk =3 in Table 4. It should be noted that the
optimized configuration of the 175 bp chain is not
a perfect circle at zero salt. The equilibrium state
of this chain may not have been attained during
the course of simulated annealing. The reduced
bending and twisting energies of a 175 bp circle
at this ALk (Ez=~1 and E;=9) generate an
upper bound on E of 60.46. (The electrostatic
energy of the circle is expected be less than the
value of 50.46 reported for the distorted mini-
mum in Table 4.)

The situation is somewhat different at high
salt. While the electrostatic term increases in
magnitude with increase of chain length, the in-
terplay between the bending and twisting energy

continues to determine the optimum configura-
tion when ¢, =1 M. The increase of the electro-
static energy with increasing chain length is much
less pronounced at 1 M than zero salt. Because of
its short-range nature at high salt, the modified
Debye-Hiickel contribution is not sensitive to the
overall spatial configuration of the DNA and
does not influence the onset of supercoiling. The
effect of chain length on the bending energy is
more complex. While the bending of individual
residues is less pronounced in longer chains, the
number of such terms increases. The lesser bend-
ing apparently dominates over the 100-130 bp
range, leading to figure-8 structures. The com-
puted bending energy of a Wr = 1.6 chain is 5.13
for 100 bp (Table 2) versus 4.42 for 150 bp (Table
4). The data in Table 4 further suggest that the
variation of Ey which accompanies interwinding
of the supercoil is less sharp in longer chains.
Otherwise it is difficult to account for the in-
crease in the writhing number and the drop in E;
with chain length at high salt. The latter trends
are completely opposite to those exhibited by
chains with no added salt and could not be pre-
dicted ahead of time.

The chain dimensions reported in Table 5 re-
flect the combined effects of increasing contour
length and configurational change outlined above.
The radii of gyration, the largest principal mo-
ments [; and I,, and the mean interphosphate
distances all increase with chain length at both
salt concentrations. As expected, the DNA is
more expanded in the absence of salt for any
given chain length. The discrepancy is greater at
longer chain lengths where the low salt form
opens from an interwound into a circular form.
The structures at 1 M salt are more writhed
(folded) but more expanded (due to larger con-
tour length) at greater chain length.

3.5. Branched three-leaf rose versus interwound
configurations

We have also carried out simulations at ALk
=3 using a 100 bp branched three-leaf rose as
the starting structure (Fig. 6). The coordinates of
this initial state are slightly deformed from those
of a known stable elastic energy minimum
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nres=175

nres = 100

nres = 150

nres = 175

(I. Tobias, unpublished data). The branched
structure is much more compact (at this particu-
lar ALk) than the interwound state in terms of
both the mean interphosphate distance and the
radius of gyration (Table 6), but is closer to a
circle than an interwound supercoil in terms of
the relative proportions of the principal moments
of the radius of gyration (I, =I,>I,). The
writhing number of the three-leaf rose is compa-
rable to that of an interwound duplex with roughly
two superhelical crossings (Table 7). As a result,
the variation in twisting energy upon simulated
annealing is fairly small (AE; =126 at ¢,=0 M
and 0.07 at ¢,=1 M). The difference in energy
between the branched and interwound minima
lies primarily in the bending energy (AEg=
—395at ¢,=0M and -2.95 at ¢, =1 M), with
the electrostatic term providing some additional
stabilization at zero salt (AEg = —1.90). As
noted above, the electrostatic term plays almost
no role at high salt (the electrostatic energies of
the starting branched structure and final inter-
wound form are identical).

While the starting model in Fig. 6a can be
relaxed to the apparent energy minimum, a
three-lobed branched elastic energy minimum
identified by deterministic methods (T. Schlick,
unpublished data) is unchanged by simulated an-
nealing. The reduced energy of the latter stable
state (E=2837 at ¢,=0 M and E =10.05 at
¢,=1 M) is also higher than that of the inter-
wound global energy minimum (£ = 23,37 at ¢, =
0OMand E =853 at ¢,= 1 M).

The optimized interwound structures, shown
in Fig. 6, are similar to those obtained at ALk =3
with a circular starting state at 0 and 1 M salt.
The energies in the present simulations, however,

Fig, 5. Examples illustrating the effect of chain length on the
optimized supercoiled configurations of DNA. The imposed
linking number difference is fixed at 3 and the bending to
twisting ratio 4 /C =1. The starting configuration is a circle
of 14 evenly spaced controlling points. Electrostatic interac-
tions are represented by a modified Debye—Hiickel potential
and excluded volume effects by a hard-sphere potential. In {a)
the salt concentration ¢, is fixed at 0 M (no added salt) and in
(b) ¢c,=1 M. The parameter nres is the total number of
residues of the DNA,
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Table 4

Writhing number and reduced energy components as a func-
tion of chain length (bp = total number of base pairs of DNA)
and salt concentration ?

bp Wr E Egy Er Egy
c.=0M

100 0.96 23.98 320 4.15 16.63
150 0.00 45.40 1.02 8.99 3539
175 0.09 61.11 220 8.45 5046

=1M

100 122 9.55 4.07 3.19 229
150 1.61 11.50 4.42 1.93 5.15
175 1.84 13.10 4.75 1.34 701

3 The elastic and electrostatic_model was used with ALk=3
and A/C=1. The cnergy, E = E /(2w?C/L), is a non-di-
mensional quantity.

are slightly lower than those reported above
(compare Table 2 with Table 7). The writhing
numbers of the optimized states are slightly higher
in value and the twisting energies thus of lower
magnitude at both salt concentrations. The ac-
companying increases in the bending energy and
electrostatic term in both cases are less than the
drop in E. The final interwound configurations
are thus somewhat more compact than the corre-
sponding minima reported above (compare the
values of (P...P,,> in Tables 1 and 6). The
effect of salt on chain geometry is thus compara-
ble to that detailed above.

Table §

Radius of gyration (Ry), principal moments of the radius of
gyration (I}, I,, 1;) and the average P...P distance (P... Py}
as a function of chain length (bp is the total number of base
pairs of DNA) and salt concentration

w RA LA LA LA
¢,=0M
100 4489 4251 1333 545 55.30

150 8059 5773 5621 1.69 103.56
175 8836  65.79 5817 9.81 113.63

¢=1M

100 4389 4198 10.72 699 53.75
150 6664 6477 1304 870 80.37
175 7739 7545 1593  6.50 92.67

(P...Py) (A)

Fig. 6. Structural example illustrating the relative shape of the
100-residue branched three-leaf rose configuration with ALk
=3 compared to the 100-residue interwound form. The start-
ing configuration is a symmetric three-lobed polygon with 15
controlling points (top). The optimized supercoiled configura-
tions are shown for the cases of no added salt (middle) and 1
M salt (bottom). Electrostatic interactions are represented by
a modified Debye-Hiickel potential and excluded volume
effects by a hard-sphere term. The bending to twisting stiff-
ness ratio A /C=1.

3.6. Electrostatic and elastic simulations versus
elastic simulations

Finally, we compare our results in Table 8 with
simulations of DNA supercoiling in chains of

Table 6

Radius of gyration (R,), principal moments of the radius of
gyration (I}, I, I;) and average P...P distance (P...P,,) for
the branched three-leaf rose structure and the optimized
interwound structures obtained under the condition of no
added salt and 1 M salt 2

™ RA LA LA LA (P.PR

starting three-leaf rose structure
3152 2124 2107 993 40.44

optimized interwound structures
0 483 4320 938 749 5447
1 4413 4283 889 587 5322

2 The elastic and electrostatic model was used with A /C =1
and ALk =3.

# The elastic and electrostatic model was used with 4 /C=1,
ALKk =3, and 100 bp chain length.
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Table 7

Writhing number and reduced energy components for the
branched three-leaf rose structure and the optimized inter-
wound forms obtained under the condition of no added salt
and 1 M salt ?

Wr E 58 Er Eg
=0M
rose 183 2836 773 137 19.26
interwound 138 2337 378 263 1736
c,=1M
rose 183 1141 773 137 2.31

interwound 1.80 853 478 1.44 231

" F=F /@wC /L), the energy, is a non-dimensional quan-
tity. The elastic and electrostatic model was used with ALk =
3, A/C =1, and 100 bp chain length.

corresponding length and ALk subject only to an
elastic potential and a (20 A) hard-sphere con-
straint. As anticipated, the optimized 100 bp DNA
structures obtained in the added presence of an
electrostatic energy term are more open than
those found with the simple elastic model. Fur-
thermore, the configurational differences from
the elastic reference are more pronounced at 0 M
than at 1 M salt. As evident from the table, the
writhing number decreases at fixed ALk when
the composite elastic/electrostatic potential is
employed (more so for the case of no added salt).
This trend reflects the electrostatic repulsions
between phosphate groups which favor less com-
pact structures.

According to analytical predictions based on
elasticity theory [16], the critical linking number
difference at which the exchange of energy be-
tween the circle and figure-8 occurs is approxi-
mately 1.4 when A/C =1. As noted earlier, the
phosphate repulsions included in the composite
elastic/ electrostatic potential energy delay the

Table 8
Comparison between the writhing numbers obtained with the
elastic and elastic/electrostatic simulations *

Alk Elastic Elastic/electrostatic Elastic/electrostatic
model model (c,=1 M) model (¢, = 0 M)

2 0.96 0.93 0.00
3 1.31 122 0.96

2 A /C =1; chain length = 100 bp.

onset of the configurational transition and force
the strands of the interwound form to be further
apart. For ALk =2 and no added salt, a circular
form is found in place of a figure-8 structure
when the electrostatic energy is included. At high
salt (c,=1 M) the chain is collapsed, but in a
slightly more open structure (Wr = 0.93) than the
elastic DNA model (Wr =0.96). In this case, the
critical ALKk is in rough agreement with the value
predicted on the basis of the elastic model [16].
For ALk =3, the optimized configuration is a
figure-8 (with loops roughly co-planar at c,=0M
and more out-of-plane at c,=1 M and for the
pure elastic model). In longer chains of 1000 bp
the elastic model adopts an interwound structure
[7]. Interestingly, the shortest interphosphate dis-
tances at the center of the optimized structures in
Table 8 arg comparablc in value at zero and high
salt (19.8 A and 20.4 A, respectlvely) The closest
non-bonded contacts (20.3 A) in the optimized
elastic structure are also at the imposed hard-
sphere limit. The length of the contact zone be-
tween long-range phosphates is, as expected,
greater for the minimum energy 100 bp configu-
ration at 1 M than 0 M salt. There are roughly 0. 7
turns of distantly spaced duplex within a 21 A
separation distance and 1.9 turns within a 25 A
contact limit at 1 M salt, versus 0.5 turns of the
DNA within 21 A and 1.0 turns within 25 A at
¢, = 0 M. The terminal loops are thus shorter at 1
M salt than at zero salt. The loop size, as mea-
sured by long-range contact distances greater than
30 A, is 1.9-2.4 turns of duplex at high salt versus
3.2-3.6 turns at zero salt. The loop size of the
elastic model measured by this criterion is 2.3-2.7
turns of DNA. The interwound contact-zone of
the elastic model is of similar dimensions to that
found at 1 M salt with 1.3 turns of duplex within
a 21 A separation distance and 2.0 turns with a 25
A limit.

4. Summary and perspectives

The present study is a first step in understand-
ing how the polyelectrolyte character of DNA
governs the overall folding of the closed circular
double helix. Until now, models of DNA super-
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coiling have been based on a simple elastic treat-
ment, where the DNA is described as an un-
charged, isotropic, symmetric, and linearly elastic
thin rod characterized by its local bending and
twisting stiffness. The long-range repulsions of
negatively charged phosphate groups have been
included indirectly by increasing the magnitudes
of the elastic force constants and more directly
through the incorporation of Lennard-Jones or
hard-sphere terms [5,7,18,35-37]. Our calcula-
tions show that specific treatment of long-range
electrostatic repulsions through a modified De-
bye-Hiickel energy term opens the DNA super-
coil compared to an elastic representation of the
closed circular chain. The electrostatic contribu-
tion not only influences the close contacts of
interwound configurations but also shifts the crit-
ical value of the linking number difference at
which the circle collapses into a figure-8 configu-
ration. The interwound forms, for example, are
more open structures than the corresponding
elastic models of the same ALk. Moreover, the
predicted opening of the chain at low salt is
qualitatively consistent with the observed transi-
tion from tight to loose interwound supercoils
observed upon decrease of salt concentration in
cryo-electron microscopy images of highly super-
coiled DNA [8,9]. The proportions of the global
energy minimum state of the short DNA at the
point of collapse from circle to figure-8, however,
are predicted to be virtually identical at zero and
1 M salt (although occurring at different values of
ALK).

The short (178 bp), highly supercoiled DNA
minicircles visualized under the electron micro-
scope are of chain length and superhelical density
comparable to the models considered here. The
topoisomers with linking number deficits of 0,
—1, and —2 co-migrate in standard low salt
electrophoresis buffer and exhibit near zero
writhing numbers in the electron micrographs [9].
At high salt, the —2 isomer adopts a figure-8
shape under the electron microscope and moves
separately from the 0 and —1 isomers on the gel.
This is precisely the behavior predicted in our
calculations at 1 M salt. The increased gel spac-
ing between the —2 and —1 isomers compared
to the 0 and — 1 isomers is consistent with a small

change in shape between the 0 and —1 states and
a larger change between the —1 and —2 states
(see Figs. 2 and 5). The —3 to —35 topoisomers,
while not isolated and separately visualized, co-
migrate with the nicked minicircle at low salt,
confirming the predicted delay in the onset of
writhing of supercoiled chains of 175 bp at ¢,=0
M in our work. The observed high salt migration
of the same species is consistent with a form,
such as the interwound configuration predicted
for the 175 bp DNA at ALk =3 and 1 M salt,
that does not dramatically change in overall shape
at higher imposed linking number differences.
Current limitations on computational re-
sources prevent rigorous study of longer DNA
supercoils, the comparison of different potential
functions, the detailed examination of specific
salt concentrations, and the analysis of large
molecular ensembles. The long-range nature of
the electrostatic energy necessitates detailed
treatment of all pairwise phosphate—phosphate
interactions. The calculations therefore cannot be
enhanced by the standard use of a distance cutoff
criterion. One hope for future computational
speedup lies in cluster treatments, such as the
fast vortex schemes commonly employed for the
numerical simulation of reactive flows [38] and
recently extended to studies of protein folding
{39,40]. Preliminary studies show that calculations
of the electrostatic energy in supercoiled DNA of
5000 bp can be enhanced by a factor of 30-50
using such algorithms [41], thereby facilitating
routine studies of longer chains at naturally oc-
curring superhelical densities. The numerical
findings presented here provide an essential
benchmark for what must of necessity be approxi-
mate computational treatments of longer chains.
The present data, nevertheless, reveal several
interesting observations worthy of further study.
One notable result is the unexpected opening of
the DNA supercoil with increase in chain length
at low salt concentration and the apparent col-
lapse of the same chains at high salt. It is not
clear whether this effect levels off at much longer
chain lengths and whether it is sensitive to the
electrostatic energy treatment. We also find that
the writhing number increases with increasing
salt concentration for DNA at a fixed linking
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number difference over all chain lengths consid-
ered. The apparent dependence of Wr on salt
concentration, however, must be tested in further
simulations of longer DNAs in view of the very
short length of chains treated here. Interestingly,
long (2657 bp) DNA plasmids with —0.05 super-
helical density show an increase in the writhing
number and a tightening of interwound geometry
with increasing salt-concentration in cryo-electron
microscopic studies [9]. The preliminary studies
of branched three-leaf rose starting structures
also suggest that these forms may be more ener-
getically favorable under some conditions. The
difference in bending and twisting energy be-
tween the three-leaf rose and the interwound
structure of the same writhing number will be
substantially reduced at longer chain lengths, so
that straight and branched configurations might
be of more comparable energy at high salt.
Branched forms are commonly observed in elec-
tron micrographs of longer supercoiled DNA [42].
It is also of special interest to carry out additional
Monte Carlo/simulated annealing simulations
using the polyelectrolyte (ionic) free energy (which
includes both an electrostatic and mixing energy
and thereby treats the polyelectrolyte character
of DNA rigorously) instead of the simple modi-
fied Debye-Hickel energy.

The effect of ionic environment on the intrin-
sic twist of DNA, has been studied experimen-
tally by a number of workers [43-45]. If one is
simply interested in determining the global con-
figuration of a given topoisomer at a given salt
concentration following the method described
here, the results of these experiments play no
role in the process. If, however, one is interested
in the effect of a changing ionic environment on
the configuration of this topoisomer, then it be-
comes necessary to study the experiments. For if
the intrinsic twist Tw, changes as the salt concen-
tration is varied, then so must ALk (= Lk — Tw,)
change. Thus, for example, if, as some of the
work suggests, DNA winds more tightly with in-
creasing salt concentration, then the correspond-
ing increase in the value of Tw, would be accom-
panied by a decrease in ALk. One can then use
the theory being presented here to determine the
changed shape of the plasmid, taking into ac-

count not only the new salt concentration, but
also the new value of ALk.
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